22

J. THERMOPHYSICS

VOL. 6, NO. 1

Monte Carlo Simulation of Vibrational Relaxation in Nitrogen

David P. Olynick*
North Carolina State University, Raleigh, North Carolina 27695
James N. Mosst
NASA Langley Research Center, Hampton, Virginia 23665

and

H. A. Hassan}
North Carolina State University, Raleigh, North Carolina 27695

Monte Carlo simulation of nonequilibrium vibrational relaxation of (rotationless) N, using transition prob-
abilities from an extended SSH theory is presented. A heating case is examined. For the range of temperatures
considered, 4000-8000 K, the vibrational levels were found to be reasonably close to an equilibrium distribution
at an average vibrational temperature based on the vibrational energy of the gas. As a result, they do not show
any statistically significant evidence of the bottleneck observed in earlier studies of N,. Based on this finding,
it appears that, for the temperature range considered, dissociation commences after all vibrational levels equil-
ibrate at the translational temperature. These results are a consequence of the fact that the transition probability,
p(v, v + 1), which is a function of energy but not temperature, is an increasing function of the vibrational
level v. Therefore, a behavior similar to that of a harmonic oscillator should be expected.

Introduction

NTEREST in vibration-dissociation coupling in diatomic

gases is a result of its influence on dissociation rates at
hypersonic speeds. In this speed range, the time scales of
vibrational relaxation and dissociation are closely matched.
Thus, vibrational nonequilibrium can slow the rate of disso-
ciation substantially. In spite of the efforts of many earlier
investigators,’* which resulted in a number of coupled vi-
bration-dissociation models, the predicted reaction rates were
still much faster than the observed rates obtained from ex-
perimental data. More recently, Sharma et al.® revisited the
problem using a generalized SSH (Schwartz et al.)
approximation’ for calculating excitation and dissociation rates
of nitrogen. The new approach removed earlier limitations of
the theory by using a more accurate representation of the
potential in the solution of the Schrédinger equation. More-
over, it incorporated the higher vibrational states and allowed
transitions between the bound and the free states. The cal-
culations were carried out for (rotationless) nitrogen, and the
probabilities generated by the new calculation were used to
calculate the various excitation and dissociation rates assum-
ing a Maxwellian distribution at the translational temperature.
Two problems were considered. The first was a heating case
where the gas was heated instantaneously from an equilibrium
temperature of 4000-8000 K. The evolution of vibrational
relaxation was then studied assuming a constant volume and
a constant translational temperature. The other involved cool-
ing the gas from 8000 to 6000 K. Based on this study, it was
concluded that the (rotationless) N, has a bimodal behavior
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in which the upper and lower levels reach separate equilibria
during relaxation. Moreover, the higher vibrational levels were
always in equilibrium with the dissociative states. The results
were attributed to the observation that the calculated tran-
sition rates had a minimum near the middle of the bound
states. This caused a bottleneck in the relaxation from lower
to higher vibrational levels, thus slowing the dissociation rate.
In general, rates calculated from SSH theory underpredict
those obtained from experiment.® Because of this, rates used
in Ref. 6 were adjusted in such a way so that (0 — 1) rates
agreed with experiment.®

In a more recent investigation, Sharma and Schwenke!®
studied the vibrational relaxation of H, in the presence of
rotation. One of their major conclusions was that the bimodal
behavior observed for the rotationless N, was not observed
for H, even when it was treated as a rotationless molecule.
Moreover, the lower levels tended to overrelax. However,
the overrelaxation was not observed when rotationless H, was
considered.

Both the N, and H, relaxation studies employed the same
master equation approach used in Ref. 6. The major differ-
ences between the studies are the treatment of rotational
effects and the manner in which the excitation and dissociation
rates are calculated. The rates for the N, study were calculated
using SSH theory, whereas the H, study used the quasiclassical
trajectory method.!!

It is not easy to explain the different relaxation behaviors
of N, and H,. One possibility is the inclusion of rotation. The
other is the manner in which the vibrational transition and
dissociation rates were calculated. Because the resonant V-
V transitions dominate all other transitions, one is inclined
to discount the role of rotation. This leaves the manner in
which the rates were calculated. This issue can be resolved
by using the direct simulation Monte Carlo (DSMC) method
of Bird'? because it does not require rates. Implementation
of the method only requires reaction cross sections.

The use of the bimodal approximation has far-reaching im-
plications. Based on a study of reentry flows,'* using the DSMC,
it was shown that the assumption results in reduced dissocia-
tion and increased convective heating for finite catalytic walls.
The increase in convective heating can be as high as 20% for
conditions typical of those of the Fire II vehicle. Thus, the

- first objective of this work is to resolve the bimodal question.

The study employs the DSMC method and makes use of the
bound-bound and bound-free matrix elements calculated in
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Ref. 6 for the calculation of vibrational transition and dis-
sociation cross sections.

The DSMC method of Bird uses a phenomenological pro-
cedure of Larsen and Borgnakke!* to partition internal ener-
gies after a collision. Thus, another objective of this work is
to compare the predictions of this phenomenological theory
with the evolution obtained using the transition probabilities
from the SSH theory.

The results presented here address heating only. As was
done in Refs. 6 and 10, the gas is heated instantaneously from
an initial equilibrium state and allowed to relax assuming
constant volume and translational temperature. Two cases
were considered; one involves heating from 4000 to 8000 K
and the other from 6000 to 8000 K. The conclusions derived
from the two cases were essentially similar. Because of this,
only results based on the 4000 to 8000 K case are presented.

Formulation of the Problem

Probability of Vibrational Transitions

The major assumptions of the SSH approximation are that
the colliding molecules are rotationless and the collision fol-
lows a one-dimensional trajectory in the center of mass frame.
The interaction potential of the colliding molecules is ap-
proximated by V = V, exp(—ar), where r is the separation
distance between the atoms, and V, and a are constants pe-
culiar to the molecular species being considered. Based on
this interaction potential, a microscopic transition probability
for the reaction

Ny(v)) + Ny(v;) = Ny(vi) + No(v3) (1)
can be obtained from quantum mechanics, where v, and v}

refer to the initial and the final vibrational states of the ni-
trogen molecule. This probability is given by’

—v] 1 ’ '
lez«)v;(uo) = 167T2 Vz(vl d Ul) VZ(UZ - vZ)
sinh(0,) sinh(0))
x (02 — 037 2
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In the above expression,

_ dmpu, _Ampeye R, o
0, = " 0, = — 2(uo u3) = AE

= E(u) + E(v;) — E(vy) — E(v,)

where p is the reduced mass, AE is the total energy exchanged
between vibration and translation during a collision, u, and
u, are the initial and final velocities of the relative motion,
and A is Planck’s constant.

The probability, P['j;:zi, is the steric factor needed for the

DSMC method when a hard sphere molecular model is em-
ployed. The potential employed in Ref. 6 resulted in 57 vi-
brational levels for nitrogen. Thus, the vibrational relaxation
process can be treated as reactions involving the 57 levels of
N,. The matrix elements of v(v — v’) are calculated in Ref.
6 for cases where v’ is discrete or continuous. As a result,
one can consider collisions that result in dissociation, i.e.

Ny(v)) + Ny(v) — Ny(vy) + Ny(c) Ny(c)—>N + N
3)

where ¢ designates a continuum, in the same manner as bound-
bound vibrational reactions.

The rate coefficient for the reaction given in Eq. (1) is given
in Refs. 6 and 7 as

2
S j R — pug
Py (=2 (sz> | ) (u,)exp ( KT ) du,
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where k is the Boltzmann constant and T is translational tem-
perature. In principle, the transition probability given in Eq.
(2) is valid for all transitions. However, rates generated from
Eq. (4) using the transition probability from Eq. (2) do not
satisfy detailed balance. To overcome this difficulty, Eq. (2)
was multiplied by

'-F

when AE > 0 (E is the relative energy of the colliding mol-
ecules) and the lower integration limit was adjusted accord-
ingly. No adjustment in Eq. (4) is necessary when AE < 0.

Simulation Procedure :

When two molecules collide, a bound-bound or bound-free
transition is possible. The matrix elements for bound-bound
transitions, »(v — v'), are numbers. When their values be-
come less than 10-'°, the transition is assumed forbidden or
negligible.® On the other hand, the matrix elements for bound-
free transitions, »(v — c¢), are functions of the energy of the
free state “c.” Because of this, it is convenient to treat bound-
bound and bound-free transitions separately.

The major steps of the simulation are as follows. First two
particles are picked at random. If the particles collide, the
possibility of dissociation is checked. If dissociation does not
occur, then the probability of a vibrational transition can be
calculated. Thus, with repeated applications of this proce-
dure, the vibrational relaxation history can be determined.
This procedure will now be described in detail.

The probability of a successful collision is determined in
the following manner. After two particles are picked at ran-
dom, their relative speed, u, = c,, is calculated. The proba-
bility of a collision is given by

0,

5

(Crgt)max ( )
where o, is the total collision cross section and the subscript
max indicates the maximum value. If the above value is greater
than R;, a random fraction between 0 and 1, the collision will
take place. If the collision is successful, dissociation (bound-
free transitions) is considered.

To determine if dissociation is possible, the relative trans-
lational energy, nwu2/2, is calculated. For dissociation to take
place, the relative translational energy must be greater than
the difference between the dissociation energy and the energy
of the molecule in the highest vibrational level, i.e.

2
%i‘—’>D-—E(m),m

= max(v;, v,) (6)
where D is the dissociation energy and v, and v, are the
vibrational levels of the two molecules. If dissociation is pos-
sible, an energy, E(c), above D and less than E_,,, the max-
imum energy for which the matrix elements were calculated,
is chosen. The difference in energy, E(c) — E(m), gives AE,
which determines the final relative velocity, u,. Thus, a steric
factor can be calculated. If this number is greater than R,
the reaction occurs.

" If dissociation does not occur for an N,-N, pair, the pos-
sibility of a bound-bound transition is checked. To do this, a
final vibrational level is chosen at random for each molecule.
The difference between the initial and final vibrational ener-
gies, AE determines u, and makes it possible to calculate a
steric factor. Again, if the steric factor is larger than R, the
transition is accepted. Otherwise, the reaction is treated as
an elastic collision, and the above process is repeated.

Numerical Considerations

To determine the relaxation behavior of the upper vibra-
tional levels, it is necessary to use a large number of com-
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Fig. 1 Calculated vibrational transition probabilities for the reaction
Nv) + M > Ny(v £ v) + M,

putational particles, because the population of these states is
very small for the present problem. For this study, 400,000
computational particles were used. The memory and com-
putational requirements for this large number of particles
require the use of a supercomputer. Calculations in this study
were carried out on a Cray Y-MP. To take advantage of the
vectorization capabilities of this machine, certain coding strat-
egies had to be adopted. Some of these are now described.
The no-time-counter (NTC) method of Bird!® was used. Ac-
cording to this method, the number of pairs to be sampled in
a given time step At,, is

NI = Nmn(o-t cr)maxAtm (7)

D=

where N,, is the number of computational molecules in the
cell, and # is the number density. For a small A¢,,,, the number
of collision pairs is small relative to the total number of mol-
ecules. Therefore, it is good to assume that each particle
collides only once during a given At,,. This assumption enables
the vectorization of the collision process. The collision process
is then carried out by picking all possible collision pairs along
with an array of random numbers. The collision probabilities
are then calculated and compared with the array of random
numbers to determine successful collisions. After the conclu-
sion of this process, the velocities of all the particles are reset
to maintain a translational temperature of 8000 K and the
process is repeated.

The simulation of the bound-bound transiticn requires the
selection of a random vibration level as the final vibrational
state for each molecule. This level can be any one of the 57
vibrational levels used in this study. However, for large mul-
tilevel jumps, the transition probabilities are near zero. Fig.
1 shows the normalized steric factor for the reaction

Ny(v) + M = N,(v') + M (8)
for v = 6, 15, 30, and 45 as a function of Av = v’ — v. For
these reactions, the initial relative velocity was chosen to be
twice the mean thermal speed. As is seen from the figure for,
say, v = 6, the probability is less than 10~'° when |Av| > 2.
This suggests that for v = 6, successful reactions do not extend
beyond two neighbors. On the other hand, when v = 45,
transitions are possible to as many as six neighbors. These
observations were confirmed by careful monitoring of suc-
cessful reactions. Thus, choosing v’ to eliminate the most
improbable transitions leads to a significant improvement in
the calculation run time.

With the above assumptions, it was possible to obtain an
80% vectorization level in the simulation. This reduced the
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run time significantly. However, calculations were still lengthy.
This is because of the large number of collisions that must be
calculated. As an example, the heating case from 6000 to 8000
K requires the simulation of approximatety 8 billion collisions.

Available rate measurements® show that SSH theory un-
derpredicts vibrational excitation rates. Unfortunately, no
measurements are available for the transition probabilities.
Thus, although computed rates were adjusted to match those
from experiment in Ref. 6, no adjustments were made in the
transition probabilities given by Eq. (2) in this study. Any
adjustments would have been empirical in nature and would
have been difficult to assess.

Results and Discussion

In order to compare the results with thosc of Ref. 6, a
heating case in which N, is heated instantaneously to 8000 K
from an initial equilibrium state of 4000 K is considered. At
the initial temperature, the number densities of N, and N are
1.0 X 10”7 ¢cm~3 and 2.19 x 10" cm~3. The gas is allowed
to relax assuming a constant volume and a constant transla-
tional temperature. The problem is simulated by placing a
large number of computational particles in a constant volume.
One of the selections that has to be made is the number of
computational molecules. Figure 2 shows the expected num-
ber of computational molecules in each level at equilibrium
assuming a total of 4 X 10° computational particles. As is
seen from the figure, it is not possible to draw meaningful
conclusions about the very high vibrational levels. Initial cal-
culations were performed on a Sun/4 work station using 50,000
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Fig. 2 Expected number of computational molecules in each level for
400,000 particles in equilibrium at various temperatures.

%]
R T MR |

x1e’
time, sec

Fig. 3 Time evolution of the normalized vibrational population dis-
tribution in a heating environment (4000-8000 K).
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T-V and V-V Collisions
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Fig. 4 Comparison of the equilibrium vibrational population distri-
bution at the average vibrational temperature with the actual distri-
bution for various times.
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Fig. 5 Comparison of the equilibrium vibrational population distri-
bution at the average vibrational temperature with the actual distri-
bution for various times.

computational molecules. A second calculation was per-
formed on the Cray Y-MP using 4 X 10° computational mol-
ecules. Both calculations showed identical trends. The code
was then vectorized to take advantage of the Y-MP architec-
ture. The speedup due to vectorization was of the order of
40. All results presented here are based on the vectorized
version of the code.

Figure 3 shows the manner in which the various levels ap-
proach equilibrium. It is a plot of the number of molecules
in a given level normalized by the number of particles that
will be in that level at equilibrium. Thus, at the beginning of
the simulation the number of particles in the ground state is
greater than that at equilibrium and p, > 1. For the upper
levels, the numbers at the beginning of the simulation are less
than equilibrium values and p, < 1. As time becomes large,
p,— 1for all levels. As is seen from the figure, time require-
ments to reach equilibrium are almost level independent. Fig-
ure 4 shows the evolution of various vibrational levels with
time starting from an equilibrium state of 4000 K. Superim-
posed on the figure are distributions based on the average
vibrational temperatures. This temperature was determined
from the known vibrational energy and an expression for the
equilibrium energy that is determined from the partition func-
tion. The partition function is based on the actual vibrational
levels and not on a harmonic oscillator assumption. All the
levels appear to evolve with an equilibrium distribution based
on the average vibrational temperature. The scatter in the
upper levels precludes meaningful conclusions about their be-
havior. Based on the number of successful dissociation re-
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actions, it can be safely assumed that vibrational relaxation
is complete before dissociation commences. This is consistent
with measurements in shock tubes such as those of Camac!®
and Camac and Vaughan.!” Based on these measurements,
the incubation time; i.e., the delay time before dissociation
begins, for temperatures below 8000 K is longer than the time
necessary to achieve vibrational equilibrium.

When comparing the above results with those of Fig. 3 of
Ref. 6, it is noted that the effects of the bottleneck indicated
in the figure, which results in the overrelaxation of the in-
termediate levels and equilibrium amongst the highest levels,
is not seen in the present calculation.

Some of the shock tube experiments were carried out using
a mixture of diatomic molecules and an (inert) monatomic
gas. Such experiments are well represented by the reaction
indicated in Eq. (7). Figure 5 shows such a simulation. The
transition probabilities for this reaction, which are obtained
by setting v(v, — v;) = 1 in Eq. (2), are, in general, much
higher than those for reaction (1). As a result, equilibrium is
reached earlier. However, the trends are identical to those
shown in Fig. 4.

Further support for the above results can be seen from Fig.
6. It shows a plot of p(v, v + 1), which is obtained from Eq.
(2) as

plo, v + 1) = X > Pooti(u,) )

v v

The quantity 87! indicated in the figure is the mean thermal
speed at 8000 K. The figure shows that p(v, v + 1) increases
with v for a wide range of values of the relative translational
energy. The behavior is similar to that of a harmonic oscil-
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Fig. 6 Next neighbor total transition probabilities for various relative
velocities.
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Fig. 7 Average vibrational energy for the Larsen-Borgnakke model.
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Fig. 8 Comparison of the average vibrational energy as a function
of time for SSH theory and the Larsen-Borgnakke model.

lator. Therefore, results typical of harmonic oscillators should
be expected.

The DSMC of Bird makes use of the phenomenological
method of Larsen-Borgnakke to partition internal energy. As
is seen from Fig. 7, calculations based on this procedure result
in a distribution consistent with an equilibrium distribution
based on the average vibrational temperature. The vibrational
relaxation numbers used in Fig. 7, which dictate the time
necessary to reach equilibrium, are based on the Millikan and
White® relaxation times. These times are faster than those
resulting from SSH theory. Fig. 8 shows a plot of the evolution
of the vibrational energy as a function of the relative time
needed to reach equilibrium, where #,,, is the total time needed
to reach equilibrium. As is seen from the figure, the Larsen-
Borgnakke procedure represents a good engineering model.

Concluding Remarks

The present simulation is based on the extended SSH the-
ory. It shows that vibrational relaxation from 4000 to 8000 K
of rotationless N, proceeds in such a way that all vibrational
levels remain in equilibrium at the average vibrational tem-
perature. Based on this simulation, it appears that the major
obstacle in developing an accurate theory for coupled vibra-
tion dissociation can be traced to the lack of accurate cross
sections for dissociation from the various vibrational levels
and not to the distribution with which the various levels relax.
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